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ON THE RATIONALITY OF CERTAIN TYPE A GALOIS
REPRESENTATIONS
CHUN YIN HUI
Abstract. Let X be a complete smooth variety defined over a number field K and i an
integer. The absolute Galois group GalK of K acts on the ith e´tale cohomology group
Hi
e´t
(XK¯ ,Qℓ) for all primes ℓ, producing a system of ℓ-adic representations {Φℓ}ℓ. The
conjectures of Grothendieck, Tate, and Mumford-Tate predict that the identity component
of the algebraic monodromy group of Φℓ admits a common reductive Q-form for all ℓ if X
is projective. Denote by Γℓ and Gℓ respectively the monodromy group and the algebraic
monodromy group of Φssℓ , the semisimplification of Φℓ. Assuming that Gℓ0 satisfies a group
theoretic condition for some prime ℓ0 (Hypothesis A), we construct a connected quasi-split
Q-reductive group GQ which is a common Q-form of G
◦
ℓ for all sufficiently large ℓ. Let G
sc
Q
be the universal cover of the derived group of GQ. As an application, we prove that the
monodromy group Γℓ is big in the sense that Γ
sc
ℓ
∼= GscQ (Zℓ) for all sufficiently large ℓ.
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1. Introduction
Let X be a complete, smooth variety defined over a number field K and i an integer
belonging to [0, 2 dimX ]. The absolute Galois group GalK := Gal(K¯/K) acts on the ith
ℓ-adic e´tale cohomology group Vℓ := H
i
e´t(XK¯ ,Qℓ) for every ordinary prime ℓ. We obtain by
Deligne [6] a strictly compatible system of ℓ-adic representations
(1) {Φℓ : GalK → GL(Vℓ)}ℓ
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in the sense of Serre [26]. The algebraic monodromy group at ℓ denoted byMℓ, is the Zariski
closure of the monodromy group Φℓ(GalK) in GLVℓ . Let M
◦
ℓ be the identity component of
Mℓ and k the dimension of Vℓ for all ℓ.
Choose an embedding K →֒ C. IfX is projective, then X(C) is a compact Ka¨hler manifold
and the singular cohomology group V := H i(X(C),Q) carries a Q-Hodge structure. Denote
the Mumford-Tate group of V by MT(V ), which is a connected reductive subgroup of GLV .
The celebrated conjectures of Grothendieck, Tate, and Mumford-Tate imply that
(2) M◦ℓ
∼= MT(V )×Q Qℓ
via the comparison isomorphism between Vℓ and V ⊗QQℓ for all ℓ (see [29], [24, §3]). This is
equivalent to saying that the inclusion MT(V ) ⊂ GLV is a Q-form ofM
◦
ℓ ⊂ GLVℓ for all ℓ. It
follows that the absolute root datum ofM◦ℓ , i.e., the root datum ofM
◦
ℓ×Qℓ Q¯ℓ, is independent
of ℓ.
Since Φℓ is conjecturally semisimple and our methods only handle semisimple representa-
tions, we denote, for all ℓ, the semisimplification of Φℓ by Φ
ss
ℓ . We say that {Φ
ss
ℓ }ℓ is the
semisimplification of the system (1). Let Γℓ and Gℓ be respectively the monodromy group
(Galois image) and the algebraic monodromy group of Φssℓ . Let Uℓ be the unipotent radical
of Mℓ. The following short exact sequence holds,
1→ Uℓ →Mℓ → Gℓ → 1.
Since we are only concerned about G◦ℓ and there exists a finite extension K
conn of K which
is the smallest extension such the Zariski closure of Φssℓ (GalKconn) in GLV ssℓ is G
◦
ℓ for all ℓ [23,
§2.2.3], we once and for all assume that the field K is chosen large enough such that Gℓ is
connected for all ℓ 1.
We embed Qℓ in C and let gℓ be the Lie algebra of Gℓ×Qℓ C for all ℓ. The representation
Φssℓ and the algebraic monodromy group Gℓ are said to be of type A if every simple factor
of gℓ is equal to An := sln+1,C for some n. This definition is independent of the choice of
embedding Qℓ →֒ C and is equivalent to the one in [14]. Type A representations provide
supporting evidence for (2). For example, we showed in [14] that for all sufficiently large ℓ,
Gℓ is quasi-split if it is of type A. Also, it follows from the the main theorems of [11] that the
complex reductive Lie algebra gℓ is independent of ℓ if the following hypothesis is satisfied
(see §2.4).
Hypothesis A. There exists a prime ℓ0 such that the following conditions hold for gℓ0 :
(i) gℓ0 has at most one A4 simple factor;
(ii) if q is a simple factor of gℓ0 , then q is of type An for some n ∈ N\{1, 2, 3, 5, 7, 8}.
Example: gℓ0 = A4 ⊕A6 ⊕ A9 ⊕ A9 ⊕ Z, where Z is abelian.
This paper is motivated by the conjectural isomorphism (2) for all ℓ. Suppose X is an
abelian variety. Then the semisimplicity of (1) is established by Faltings [8] and (2) is the
Mumford-Tate conjecture for abelian varieties [20], which has been studied by many people
(see [21, §5] for details). For a general system, Larsen-Pink has proved the existence of a
1Larsen-Pink presented a purely field theoretic construction of Kconn in [18]
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common Q-form of Gℓ ⊂ GLV ss
ℓ
for ℓ belonging to a set of primes of Dirichlet density 1 if (1)
is absolutely irreducible and satisfies one of the following conditions [16, Proposition 9.10]:
(i) the splitting field of (1) (see [16, §8.1]) is Q;
(ii) the dimension of representations is divisible neither by 315 nor by the fifth power of an
even integer strictly greater than 2.
Definition 1.1. Let G be a connected reductive group defined over a field F and Γ a
subgroup of G(F ). Denote by Gss the quotient of G by its radical and by Γss the image of
Γ under the natural morphism
πss : G(F )→ Gss(F ).
Denote by Gder the derived group of G, by Gsc the universal covering of Gder, by πsc the
natural morphism
πsc : Gsc(F )→ Gder(F ),
and by Γsc the pre-image of Γss under πss ◦ πsc.
The monodromy group Γℓ is a compact ℓ-adic Lie subgroup of Gℓ(Qℓ). Identify Gℓ as a
connected reductive subgroup of GLk,Qℓ. The main results of this article are as follows.
Theorem 1.2. Let {Φℓ}ℓ be the system (1) and Gℓ the connected algebraic monodromy group
of Φssℓ for all ℓ. Suppose Hypothesis A is satisfied. Then the following statements hold.
(i) The conjugacy class of Gℓ ×Qℓ C in GLk,C is independent of ℓ
2.
(ii) There exists a connected quasi-split reductive group GQ defined over Q such that for all
sufficiently large ℓ,
Gℓ ∼= GQ ×Q Qℓ.
Corollary 1.3. Let Gsc be a semisimple group scheme over Z[ 1
N
] for some N whose generic
fiber is GscQ , where GQ is in Theorem 1.2. For all sufficiently large ℓ, we have
Γscℓ
∼= Gsc(Zℓ).
Corollary 1.3 can be applied to study the mod ℓ Galois images. For any finite group Γ¯,
simple Lie type g (e.g., An, Bn, Cn, Dn, E6,...), and prime ℓ ≥ 5, we defined in [12, 14](see
§2.5) the g-type ℓ-rank rkgℓ Γ¯ of Γ¯, which measures the number of finite simple groups of type
g in characteristic ℓ in the composition series of Γ¯. For example,
rkgℓ SLn+1(Fℓf ) :=
{
fn if g = An,
0 otherwise.
We studied the mod ℓ Galois image Γ¯ℓ := φℓ(GalK) arising from e´tale cohomology
3
for all sufficiently large ℓ in [12] and showed that rkAnℓ Γ¯ℓ is independent of ℓ ≫ 0 if n ∈
N\{1, 2, 3, 4, 5, 7, 8} (see §2.5). However, the function rkAnℓ cannot distinguish between the
Chevalley group An(ℓ
f) and the Steinberg group 2An(ℓ
2f) for n ≥ 2 since their An-type ℓ-
ranks are both fn. For example, suppose A6 is the only simple factor of gℓ0 , then Γ¯ℓ has only
2The reductive subgroups Gℓ1 ×Qℓ1 C and Gℓ2 ×Qℓ2 C are conjugate in GLk,C for all distinct primes ℓ1
and ℓ2.
3Since Φℓ(GalK) is compact, it fixes some Zℓ-lattice Lℓ of Vℓ. Then φℓ is defined to be the semisimplifi-
cation of the mod ℓ reduction of Φℓ with respect to Lℓ.
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one composition factor of Lie type in characteristic ℓ for ℓ≫ 0, which is either the Chevalley
group A6(ℓ) or the Steinberg group
2A6(ℓ
2). One cannot tell which one occurs for large ℓ
from the results in [12]. Nevertheless, Corollary 1.5 below provides a precise description of
the composition factors of Lie type in characteristic ℓ of Γ¯ℓ for ℓ ≫ 0 if Hypothesis A is
satisfied.
Definition 1.4. For any prime ℓ ≥ 5 and finite group Γ¯, denote by LieℓΓ¯ the multiset of the
composition factors of Lie type in characteristic ℓ of Γ¯.
Corollary 1.5. Let Gder be a semisimple group scheme over Z[ 1
N
] for some N whose generic
fiber is GderQ , where GQ is in Theorem 1.2. For all sufficiently large ℓ, we have
LieℓΓ¯ℓ = LieℓG
der(Fℓ).
Remark 1.6. For the A6 case discussed above, Corollary 1.5 implies (by studying the GalQ
action on the Dynkin diagram of GderQ ) either the Chevalley group A6(ℓ) occurs for ℓ ≫ 0
or there is a quadratic extension F of Q such that for ℓ ≫ 0, the Chevalley group A6(ℓ)
occurs for ℓ that splits completely and the Steinberg group 2A6(ℓ
2) occurs for ℓ that is inert.
Such a congruence is useful to the inverse Galois problem and appears, for example, in the
computation of the geometric Z/ℓZ-monodromy of the moduli space of trielliptic curves [1,
Theorem 3.8].
Let us sketch the proof of Theorem 1.2. For any connected reductive subgroup G of
GLk,F , we introduce the notion of the formal bi-characters of G in Definition 2.3. Since
Gℓ is a connected reductive subgroup of GLk,Qℓ for all ℓ, the method in [11, §3] shows that
the isomorphism class of the formal bi-characters of Gℓ ×Qℓ C ⊂ GLk,C (for any embedding
Qℓ →֒ C) is independent of ℓ (Theorem 2.10). By the method of Serre’s Frobenius tori
(§2.3), one can pick for each large ℓ a formal bi-character of Gℓ such that these formal bi-
characters admit a common Q-form up to conjugation (Theorem 2.11). Under Hypothesis
A, the invariance of both the formal bi-characters of Gℓ ×Qℓ C and the positions of roots in
the weight space (§3.1) imply by Theorem 3.10 that:
(i) the root datum of Gℓ ×Qℓ C is independent of ℓ;
(ii) the conjugacy class of Gℓ ×Qℓ C in GLk,C is independent of ℓ.
The assertion (ii) above is exactly Theorem 1.2(i). We also know that Gℓ is quasi-split for
ℓ ≫ 0 by Hypothesis A and Corollary 2.16. The techniques on forms of reductive groups
that are essential to the proof of Theorem 1.2(ii) are reviewed in §4. By exploiting these
techniques and all the ℓ-independence results above, we prove the existence of a common
Q-form GQ for {Gℓ}ℓ≫0 in §5, which completes Theorem 1.2(ii).
Remark 1.7. The ℓ-independence theorem of this paper and the results on the invariance
of roots in §3 allow us to study the decomposition of compatible system of Galois represen-
tations arising from geometry into a direct sum of an abelian and a non-abelian compatible
subsystems [13].
2. Some results on ℓ-adic representations
2.1. Strictly compatible systems. Let k be a positive integer, K a number field, and K¯
an algebraic closure of K. Denote by GalK the absolute Galois group of K and by ΣK (resp.
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ΣK¯) the set of non-Archimedean valuations of K (resp. K¯). For each prime number ℓ, let
Ψℓ be a k-dimensional, continuous ℓ-adic representation of K,
Ψℓ : GalK → GLk(Qℓ).
For v ∈ ΣK , let v¯ ∈ ΣK¯ divide v. Denote by Dv¯ and Iv¯ the decomposition subgroup and
inertia subgroup of GalK at v¯ respectively. Let k(v) be the residue field of K completed with
respect to v. Since Dv¯/Iv¯ ∼= Galk(v) naturally, denote by Frobv¯ ∈ Dv¯/Iv¯ the element corre-
sponding to the inverse of the Frobenius automorphism of k(v)/k(v) and call it a Frobenius
element. Suppose v¯ and v¯′ both divide v ∈ ΣK . Then the two pairs Iv¯ ⊂ Dv¯ and Iv¯′ ⊂ Dv¯′
of closed subgroups are conjugate in GalK . The representation Ψℓ is said to be unramified
at v if Ψℓ(Iv¯) is trivial for some v¯ dividing v. In this case, it makes sense to define the image
of Frobenius element Ψℓ(Frobv¯).
Definition 2.1. The system of ℓ-adic representations {Ψℓ}ℓ is said to be strictly compatible
if the following conditions are satisfied.
(i) There is a finite subset S ⊂ ΣK such that Ψℓ is unramified outside Sℓ := S ∪ {v ∈
ΣK : v|ℓ} for all ℓ.
(ii) For all primes ℓ1 6= ℓ2 and v¯ ∈ ΣK¯ dividing v ∈ ΣK\(Sℓ1 ∪ Sℓ2), the characteristic
polynomials of Ψℓ1(Frobv¯) and Ψℓ2(Frobv¯) are equal to some polynomial Pv(x) ∈ Q[x]
depending only on v.
Examples of strictly compatible systems.
(i) The semisimplification {Ψssℓ }ℓ of the strictly compatible system {Ψℓ}ℓ. Note that the
characteristic polynomials of Ψℓ(Frobv¯) and Ψ
ss
ℓ (Frobv¯) are equal.
(ii) The direct sum of two strictly compatible systems.
(iii) The system of abelian ℓ-adic representations arising from a Q-representation of the
Serre group Sm [26].
(iv) The system of ℓ-adic representations arising from the ℓ-adic Tate modules of an abelian
variety A defined over K.
(v) The system of ℓ-adic representations arising from e´tale cohomology as in (1).
2.2. Formal character and bi-character. Let F be a field and G a connected reductive
subgroup of GLk,F . Since G is connected, the derived subgroup G
der is semisimple.
Definition 2.2. Let T be a maximal torus of G. Then the natural inclusion T ⊂ GLk,F is
said to be a formal character of G ⊂ GLk,F or of G for simplicity. Two formal characters
T1 ⊂ GLk,F and T2 ⊂ GLk,F of respectively G1 and G2 are isomorphic if T1 and T2 are
conjugate in GLk,F , i.e., conjugate by an element of GLk(F ).
Definition 2.3. Let T be a maximal torus of G and Tss := (T∩Gder)◦ a maximal torus of
Gder. Then the chain Tss ⊂ T ⊂ GLk,F is said to be a formal bi-character of G ⊂ GLk,F or
of G for simplicity. Two formal bi-characters Tss1 ⊂ T1 ⊂ GLk,F and T
ss
2 ⊂ T2 ⊂ GLk,F of
respectively G1 and G2 are isomorphic if the two pairs T
ss
1 ⊂ T1 and T
ss
2 ⊂ T2 are conjugate
in GLk,F , i.e., conjugate by an element of GLk(F ).
Remark 2.4. If F is algebraically closed, then all formal characters (formal bi-characters)
of G ⊂ GLk,F are isomorphic since all maximal tori of G are conjugate in G.
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2.3. Frobenius tori. Let {Ψℓ}ℓ be a semisimple, k-dimensional, strictly compatible system
of ℓ-adic representations. Denote by Gℓ the algebraic monodromy group at ℓ, i.e., the Zariski
closure of Ψℓ(GalK) in GLk,Qℓ. Assume Gℓ is a connected reductive subgroup of GLk,Qℓ for
all ℓ. Since Ψℓ is unramified outside Sℓ (Definition 2.1), the image of the set of Frobenius
elements
Fℓ := {Ψℓ(Frobv¯) : v¯ divides v /∈ Sℓ}
is dense in the Galois image Ψℓ(GalK) by the Cheboterav density theorem. It is also Zariski
dense in Gℓ by the definition of Gℓ. Definition 2.5, Theorem 2.6, and its corollaries below
are due to Serre [22].
Definition 2.5. For each v¯ dividing v /∈ Sℓ, the Frobenius torus Tv¯,ℓ is defined as the
identity component of the smallest algebraic subgroup of Gℓ containing the semisimple part
of Ψℓ(Frobv¯).
The following theorem uses the terminology of Larsen-Pink [18, Theorem 1.2], see also [3,
Theorem 3.7].
Theorem 2.6. (Serre) Let ℓ be a prime and v ∈ ΣK . Denote the characteristic polynomial of
Ψℓ(Frobv¯) ∈ Fℓ by Pv(x) ∈ Q[x], which is independent of ℓ. Denote by pv the characteristic
of v and by qv the cardinality of the residue field of v. Suppose the following conditions are
satisfied for the roots α of Pv(x):
(a) the absolute values of α in all complex embeddings are equal;
(b) α is a unit at any non-Archimedean place not above pv;
(c) for any non-Archimedean valuation w of Q¯ such that w(pv) > 0, the ratio w(α)/w(qv)
belongs to a finite subset of Q that is independent of v¯.
Then there exists a proper closed subvariety Y of Gℓ such that Tv¯,ℓ is a maximal torus of
Gℓ whenever Ψℓ(Frobv¯) ∈ Gℓ\Y.
Since the Frobenius tori Tv¯,ℓ and Tv¯′,ℓ are conjugate whenever v¯|K = v = v¯
′|K , the
following corollary follows directly.
Corollary 2.7. [3, Corollary 3.8], [18, Corollary 1.4] The following subset of ΣK is of Dirich-
let density 1,
{v ∈ ΣK\Sℓ : Tv¯,ℓ is a maximal torus of Gℓ}.
If we embed Qℓ in C, then Gℓ ×Qℓ C is a connected C-reductive subgroup of GLk,C for all
ℓ.
Corollary 2.8. The isomorphism class of the formal characters of Gℓ ×Qℓ C ⊂ GLk,C is
independent of ℓ. In particular, the rank of Gℓ is independent of ℓ.
Proof. For all distinct primes ℓ and ℓ′, there exists v¯ such that Tv¯,ℓ×QℓC and Tv¯,ℓ′×Qℓ′ C are
maximal tori of Gℓ×Qℓ C and Gℓ′ ×Qℓ′ C respectively by Corollary 2.7. Since Tv¯,ℓ×Qℓ C and
Tv¯,ℓ′ ×Qℓ′ C only depend on the eigenvalues of Pv(x) (Definition 2.1(ii)), they are conjugate
in GLk,C. Therefore, the first assertion of the corollary holds by Remark 2.4. Since the rank
of Gℓ is defined as the dimension of a maximal torus, it is independent of ℓ. 
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Corollary 2.9. There exist a Q-subtorus TQ of GLk,Q and for every sufficiently large ℓ,
a formal character Tℓ ⊂ GLk,Qℓ of Gℓ such that TQ ⊂ GLk,Q is a common Q-form of
{Tℓ ⊂ GLk,Qℓ}ℓ≫0 up to conjugation, i.e., the subtori TQ ×Q Qℓ and Tℓ are conjugate by an
element of GLk(Qℓ) if ℓ is sufficiently large.
Proof. Let ℓ′ be a prime. Then there exist v /∈ S (Definition 2.1(i)) and v¯ dividing v such
that Tℓ′ := Tv¯,ℓ′ is a maximal torus of Gℓ′ by Corollary 2.7. For ℓ ≫ 0, Tℓ := Tv¯,ℓ is
a subtorus of Gℓ by construction. Since the rank of Gℓ is independent of ℓ by Corollary
2.8, Tℓ is a maximal torus of Gℓ for all ℓ ≫ 0. Let Av ∈ GLk(Q) be a semisimple matrix
with characteristic polynomial Pv(x) (Definition 2.1(ii)). Then Av is conjugate in GLk(Qℓ)
to the semisimple part of Ψℓ(Frobv¯) for all ℓ ≫ 0. Hence, if we denote by TQ the identity
component of the smallest algebraic subgroup of GLk,Q containing Av, then TQ ⊂ GLk,Q is
a common Q-form of {Tℓ ⊂ GLk,Qℓ}ℓ≫0 up to conjugation. 
2.4. ℓ-independence of the ℓ-adic images. We follow the terminology in §2.3. Let
i : Sm → GLm,Q be a representation of some Serre group Sm of number field K. Then
attached to this morphism is a strictly compatible system of abelian semisimple ℓ-adic rep-
resentations {Θℓ}ℓ of K [26, §2.2]. Suppose i is injective. Consider the direct sum of two
strictly compatible systems,
(3) {Ψℓ ⊕Θℓ : GalK → GLk(Qℓ)×GLm(Qℓ) ⊂ GLk+m(Qℓ)}ℓ.
Define p1 : GLk ×GLm → GLk and p2 : GLk ×GLm → GLm to be the projection to the first
and the second factors respectively. Let G′ℓ ⊂ GLk,Qℓ×GLm,Qℓ be the algebraic monodromy
group at ℓ, which is assumed to be connected. Let T′ℓ be a maximal torus of G
′
ℓ. Then
p1(T
′
ℓ) is a maximal torus of Gℓ, the algebraic monodromy group of Ψℓ. We showed in [11,
§3] that the conjugacy class of the subtorus
T′ℓ ×Qℓ C ⊂ GLk,C ×GLm,C
is independent of ℓ, i.e., for all primes ℓ and ℓ′, the subtori T′ℓ ×Qℓ C and T
′
ℓ′ ×Qℓ′ C are
conjugate in GLk,C ×GLm,C. Define
TssC : = p1((Ker(p2) ∩T
′
ℓ)
◦)×Qℓ C;
TC : = p1(T
′
ℓ)×Qℓ C.
(4)
It follows that the conjugacy class of the chain of subtori TssC ⊂ TC ⊂ GLk,C is independent
of ℓ.
Theorem 2.10. [11, Theorem 3.19] The complex torus TssC is a maximal torus of G
der
ℓ ×QℓC
and the isomorphism class of the formal bi-character
TssC ⊂ TC ⊂ GLk,C
of Gℓ ×Qℓ C is independent of ℓ. In particular, the semisimple rank of Gℓ is independent of
ℓ.
Let Ψℓ be Φ
ss
ℓ for all ℓ. By combining all the results in this subsection, we obtain the
following theorem for the system (1).
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Theorem 2.11. Let {Φℓ}ℓ be the system (1) and Gℓ the connected algebraic monodromy
group of Φssℓ for all ℓ. There exist two Q-subtori T
ss
Q ⊂ TQ of GLk,Q and a formal bi-
character Tssℓ ⊂ Tℓ ⊂ GLk,Qℓ of Gℓ for all sufficiently large ℓ such that T
ss
Q ⊂ TQ ⊂ GLk,Q
is a common Q-form of {Tssℓ ⊂ Tℓ ⊂ GLk,Qℓ}ℓ≫0 up to conjugation.
Proof. Since Φssℓ and Θℓ satisfy the conditions (a), (b), (c) of Theorem 2.6 ([18, Theorem 1.1],
[25, Chapter 2 §3.4]), so does Φssℓ ⊕Θℓ. Since {Φ
ss
ℓ }ℓ and {Θℓ}ℓ are both strictly compatible,
there exists a formal character
T′ℓ ⊂ GLk,Qℓ ×GLm,Qℓ ⊂ GLk+m,Qℓ
of G′ℓ such that these formal characters have a common Q-form up to conjugation in GLk ×
GLm
T′Q ⊂ GLk,Q ×GLm,Q ⊂ GLk+m,Q
for all sufficiently large ℓ by Corollary 2.9. Define two Q-tori TssQ := p1((Ker(p2)∩T
′
Q)
◦) and
TQ := p1(T
′
Q). Define two Qℓ-tori T
ss
ℓ := p1((Ker(p2) ∩T
′
ℓ)
◦) and Tℓ := p1(T
′
ℓ). Then
Tssℓ ⊂ Tℓ ⊂ GLk,Qℓ
is a formal bi-character of Gℓ by Theorem 2.10 and admits a Q-form T
ss
Q ⊂ TQ ⊂ GLk,Q by
construction if ℓ is sufficiently large. 
Let gderℓ be the Lie algebra of G
der
ℓ ×Qℓ C. Since the isomorphism class of the formal
characters of Gderℓ ×Qℓ C ⊂ GLk,C is independent of ℓ (Theorem 2.10), the isomorphism class
of the formal characters of gderℓ ⊂ Endk(C) (in the sense of [11, §2.1]) is likewise independent
of ℓ. We obtained the following ℓ-independence result by studying the positions of roots in
the weight space [11, §2]. Relevant details will be given in §3.1.
Theorem 2.12. [11, Theorem 3.21] Let gℓ be the Lie algebra of Gℓ×QℓC and an,ℓ the number
of An factors of gℓ. Then the following statements hold.
(i) The parity of a4,ℓ is independent of ℓ;
(ii) The number an,ℓ is independent of ℓ if n ∈ N\{1, 2, 3, 4, 5, 7, 8}.
Corollary 2.13. Suppose Hypothesis A holds, then the complex reductive Lie algebra gℓ is
independent of ℓ.
Proof. By Corollary 2.8 and Theorem 2.10, the semisimple rank and the dimension of the
center of gℓ are both independent of ℓ. The corollary follows from Theorem 2.12. 
2.5. ℓ-independence of the mod ℓ images. Let ℓ ≥ 5 be a prime and g a Lie type (e.g.,
An, Bn, Cn, Dn, ...). We define the g-type ℓ-rank function, rk
g
ℓ , and the total ℓ-rank function,
rkℓ, on finite groups. The dimension of an algebraic group G/F as an F -variety is denoted
by dimG. Let Γ¯ be a finite simple group of Lie type in characteristic ℓ. Then there exists
an adjoint simple group G¯/Fℓf such that
Γ¯ = G¯(Fℓf )
der,
the derived group of the group of Fℓf -rational points of G¯. By base change to F¯ℓ, we obtain
G¯×F
ℓf
F¯ℓ = H¯
m,
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where H¯ is an F¯ℓ-adjoint simple group of some Lie type h. We then set the g-type ℓ-rank of
Γ¯ to be
rkgℓ Γ¯ :=
{
f · rk G¯ if g = h,
0 otherwise,
and the total ℓ-rank of Γ¯ to be
rkℓ Γ¯ :=
∑
g
rkgℓ Γ¯.
For simple groups which are not of Lie type in characteristic ℓ, we define the g-type ℓ-rank
and the total ℓ-rank to be zero. We extend the definitions to arbitrary finite groups by
defining the g-type ℓ-rank and the total ℓ-rank of any finite group to be the sum of the ranks
of its composition factors. This definition makes it clear that rkgℓ and rkℓ are additive on
short exact sequences of groups. In particular, the g-type ℓ-rank and the total ℓ-rank of
every solvable finite group are zero.
Given a strictly compatible system {Ψℓ}ℓ, the monodromy group Ψℓ(GalK) is a compact
subgroup of GLk(Qℓ) which fixes some Zℓ-lattice of Q
k
ℓ for all ℓ. By some change of coordi-
nates, we obtain for each ℓ a unique semisimple mod ℓ representation
ψℓ : GalK → GLk(Fℓ)
by reduction mod ℓ and semisimplification (Brauer-Nesbitt [5, Theorem 30.16]). We then
say that the mod ℓ system {ψℓ}ℓ arises from the ℓ-adic system {Ψℓ}ℓ. The following theorem
is the mod ℓ analogue of (part of) Theorem 2.10 and Theorem 2.12.
Theorem 2.14. [12, Theorem A, Corollary B] Let {φℓ}ℓ∈P be the system of mod ℓ represen-
tations arising from the system {Φssℓ }ℓ and Gℓ the connected reductive algebraic monodromy
group of Φssℓ for all ℓ. Denote the image of φℓ by Γ¯ℓ, then the following statements hold for
ℓ≫ 0.
(i) The total ℓ-rank rkℓ Γ¯ℓ of Γ¯ℓ is equal to the rank of G
der
ℓ and is therefore independent
of ℓ.
(ii) The An-type ℓ-rank rk
An
ℓ Γ¯ℓ of Γ¯ℓ for n ∈ N\{1, 2, 3, 4, 5, 7, 8} and the parity of
(rkA4ℓ Γ¯ℓ)/4 are independent of ℓ.
2.6. Maximality of the ℓ-adic images. Let {Φℓ}ℓ be the system (1). The representation
Φssℓ and the algebraic monodromy group Gℓ are said to be of type A if every simple factor
of gℓ := Lie(Gℓ ×Qℓ C) is of type An. The maximality of the monodromy group Γℓ inside
the ℓ-adic Lie group Gℓ(Qℓ) is studied in [14] assuming that Gℓ is of type A. A reductive
group H/Qℓ is said to be unramified if it is quasi-split over Qℓ and splits over an unramified
extension of Qℓ.
Theorem 2.15. [14, Main theorem] Let {Φℓ}ℓ be the system (1). For all sufficiently large
ℓ, if Gℓ is of type A, then Γ
sc
ℓ is a hyperspecial maximal compact subgroup of G
sc
ℓ (Qℓ) and
Gscℓ is unramified over Qℓ.
Corollary 2.16. For all sufficiently large ℓ, if Gℓ is of type A, then Gℓ is unramified.
Proof. For all sufficiently large ℓ, Gscℓ is unramified over Qℓ by Theorem 2.15 and Gℓ splits
over an unramified extension by Corollary 2.9. Since the natural morphism Gscℓ → G
der
ℓ is a
Qℓ-isogeny and the center of Gℓ is defined over Qℓ, Gℓ is unramified for ℓ≫ 0. 
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Remark 2.17. If X is an abelian variety, then the conclusions of Theorem 2.15 hold without
any type A assumption on Gℓ (forthcoming).
3. ℓ-independence of Gℓ ⊂ GLk,Qℓ
Let {Φℓ}ℓ be the system (1). The algebraic monodromy group Gℓ of Φ
ss
ℓ is a reductive
subgroup of GLk,Qℓ. We suppose Gℓ is connected for all ℓ by requiring K = K
conn. We
embed Qℓ in C for all ℓ, then Gℓ×Qℓ C is a subgroup of GLk,C for all ℓ and the isomorphism
class of the formal bi-characters of Gℓ ×Qℓ C is independent of ℓ by Theorem 2.10. If
Gℓ×QℓC is semisimple and the tautological representation on C
k is irreducible for all ℓ, then
a formal character determines the root lattice and the set of short roots of Gℓ ×Qℓ C [15, §4
Proposition]. In a lot of cases, the above information determines the root system ofGℓ×QℓC
and the representation Gℓ×Qℓ C ⊂ GLk,C [15, Theorem 4], which implies that the conjugacy
class of Gℓ ×Qℓ C in GLk,C is independent of ℓ. The purpose of this section is to prove that
if Hypothesis A holds, then the formal bi-character
TssC ⊂ TC ⊂ GLk,C
of Gℓ ×Qℓ C (Theorem 2.10) determines the root datum [27, §1] of (Gℓ ×Qℓ C,TC) and the
conjugacy class of Gℓ ×Qℓ C (in GLk,C) for all ℓ (Theorem 3.10). All these are based on the
crucial root computations in [11, §2], which will be explained below.
3.1. The invariance of the roots in the weight space. Let g and g′ be two complex
semisimple subalgebras of Endk(C). Suppose t ⊂ Endk(C) is a common Cartan subalgebra
of g and g′. The following notations are defined with respect to t. Let R and W (resp.
R′ and W ′) be the roots and Weyl group of g (resp. g′) respectively. The semisimple Lie
algebras g and g′ have the same weight lattice Λ ⊂ t∗, generated by the weights {α1, ..., αk}
of the faithful representation t ⊂ Endk(C). Therefore, we say the faithful representations
g ⊂ Endk(C) and g
′ ⊂ Endk(C) have identical formal character ([11, §2.1]) and we define
Char(Ck) := α1 + α2 + · · ·+ αk ∈ Z[Λ].
Since the weights in Char(Ck) generate the weight space Λ ⊗Z R, one can define a positive
definite inner product (( , )) on Λ⊗ZR that is isomorphic to the R-span of Λ in t
∗ such that
the finite subgroup of GL(Λ ⊗Z R) preserving Char(C
k) is orthogonal [11, §2.3]. Let {qi}i
and {q′j}j be the multiset of simple factors of g and g
′ respectively. Denote by Ri, Λi, and
Λi ⊗Z R (resp. R
′
j , Λ
′
j, and Λ
′
j ⊗Z R) the roots, the weight lattice, and the weight space of
the simple Lie algebra qi (resp. q
′
j) with respect to t ∩ qi (resp. t ∩ q
′
j) respectively. Then
Λi ⊗Z R (resp. Λ
′
j ⊗Z R) can be identified as a subspace of Λ ⊗Z R. We obtain R =
⋃
iRi
(resp. R′ =
⋃
j R
′
j).
Lemma 3.1. (i) The weight subspaces Λi1 ⊗Z R and Λi2 ⊗Z R of Λ ⊗Z R are orthogonal
with respect to (( , )) whenever i1 6= i2.
(ii) Denote by ( , )i the inner product on Λi ⊗Z R induced by the Killing form of qi. Then
ci( , )i = (( , )) on Λi ⊗Z R for some ci > 0.
(iii) Denote by ( , ) the inner product on Λ ⊗Z R induced by the Killing form of g. Then
Λi1 ⊗Z R and Λi2 ⊗Z R of Λ⊗Z R are orthogonal with respect to ( , ) whenever i1 6= i2.
Since the set of subspaces {Λi⊗ZR}i are pairwise orthogonal with respect to the positive
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definite inner products (( , )) and ( , ), we conclude that (( , )) determines ( , ) up
to a positive factor on each Λi ⊗Z R for all i.
Proof. Since W preserves Char(Ck), the weight subspaces Λi1 ⊗Z R and Λi2 ⊗Z R are or-
thogonal with respect to (( , )). This proves (i). Assertion (ii) follows from [2, VI §1 Prop.
5 Cor. (i)]. For (iii), by definition of the Killing form, the weight subspaces Λi1 ⊗Z R and
Λi2 ⊗Z R are orthogonal with respect to ( , ). The conclusion of (iii) then follows from (i)
and (ii). 
The following result is obtained implicitly in [11, §2]. Since it is crucial to Proposition 3.7,
we make it explicit.
Proposition 3.2. If each simple factor qi of g is of type An for some n ∈ N\{1, 2, 3, 5, 7, 8}
and g has at most one A4 factor (the conditions in Hypothesis A), then g is isomorphic to g
′
and there is a one to one correspondence between the two multisets {qi}i and {q
′
j}j, denoted
by {qi ↔ q
′
i}i such that the following conditions hold:
(i) Λi ⊗Z R = Λ
′
i ⊗Z R as subspace of Λ⊗Z R for all i;
(ii) gi is isomorphic to g
′
i for all i;
(iii) Ri = R
′
i as a subset of Λ⊗Z R for all i;
(iv) R = R′ as a subset of Λ⊗Z R.
Proof. Since g ⊂ Endk(C) and g
′ ⊂ Endk(C) have the same formal character t ⊂ Endk(C)
and the simple factors of g satisfy the conditions in Hypothesis A, g and g′ are isomorphic
[11, Theorem 2.14, 2.17]. Let u′j ∈ R
′
j be a root of q
′
j such that the orthogonal projection of
u′j (with respect to (( , ))) to Λi⊗Z R is nonzero. Since qi = An with n ≥ 4 and g is of type
A (hence the assumptions of [11, §2.10] are fulfilled), we have
u′j /∈ (Λi ⊗Z R) ∪ (Λi ⊗Z R)
⊥
only if g has a An factor where n ∈ {1, 2, 5, 7} or g has two A4 factors [11, Proposition 2.11].
Since these cases are excluded, we obtain
u′j ∈ Λi ⊗Z R.
Since the root system
(Λ′j ⊗Z R, R
′
j , ( , )
′)
of q′j [9, §21.1] is irreducible, we obtain R
′
j ⊂ Λi ⊗Z R by Lemma 3.1(iii). Thus, we have
Λ′j⊗ZR ⊂ Λi⊗ZR. Since the number of simple factors of g and g
′ are equal (because g ∼= g′)
and R (resp. R′) generates vector space Λ⊗Z R, we conclude (i)
Λ′j ⊗Z R = Λi ⊗Z R
and thus obtain an one to one correspondence {qi ↔ q
′
i}i such that (ii) holds (because
dim qi = dim q
′
i). Since g and g
′ are isomorphic and satisfy the simple factor conditions in
Hypothesis A, we obtain Ri ⊂ R
′
i and R
′
i ⊂ Ri by
Λ′i ⊗Z R = Λi ⊗Z R
and [11, §2.13]. We conclude that Ri = R
′
i for all i, which is (iii). Then (iv) follows from
(iii). 
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3.2. The root datum and conjugacy class of Gℓ. Let F be a field with F¯ an algebraic
closure. To each pair (Gsp,Tsp) where Gsp is a connected split reductive group defined over
F and Tsp is a split maximal torus of Gsp, one associates a root datum Ψ = ψ(Gsp,Tsp) =
(X, R,X∨, R∨) as follows ([28, Chapter 15], [27, §2 (F = F¯ )]). Denote by X the character
group of Tsp and by X∨ the cocharacter group of Tsp. They are free abelian groups of rank
equal to the dimension of Tsp and admit a natural pairing 〈 , 〉: if x ∈ X and u ∈ X∨,
then x(u(t)) = t〈x,u〉 for t ∈ F¯ ∗. Take R to be the roots of Gsp (the non-zero characters of
the adjoint representation of Gsp) with respect to Tsp. For α ∈ R, let Tspα be the identity
component of the kernel of α and Gspα the derived group of the centralizer of T
sp
α in G
sp.
Then Gspα is semisimple of rank 1 and there is a unique homomorphism α
∨ : F ∗ → Gspα such
that Tsp = (Imα∨)Tspα and 〈α, α
∨〉 = 2. These α∨ make up R∨. A central isogeny [28, §9.6.3]
φ of (Gsp,Tsp) onto ((Gsp)′, (Tsp)′) induces an isogeny of root data [27, §1],
f(φ) : ψ((Gsp)′, (Tsp)′)→ ψ(Gsp,Tsp).
Theorem 3.3. [28, Theorem 16.3.3, 16.3.2], [27, Theorem 2.9 (F = F¯ )]
(i) For any root datum Ψ with reduced root system, there exists a connected split reductive
group Gsp and a maximal split torus Tsp in Gsp such that Ψ = ψ(Gsp,Tsp). The pair
(Gsp,Tsp) is unique up to isomorphism.
(ii) Let Ψ = ψ(Gsp,Tsp) and Ψ′ = ψ((Gsp)′, (Tsp)′). If f is an isogeny of Ψ′ into Ψ, then
there exists a central isogeny φ of (Gsp,Tsp) onto ((Gsp)′, (Tsp)′) with f(φ) = f . Two
such φ differ by an inner automorphism Int(t) of Gsp, where t ∈ Tsp(F ).
Remark 3.4. If F = F¯ , then every connected reductive G over F splits.
Let ℓ and ℓ′ be two distinct prime numbers. We identify Gℓ ×Qℓ C and Gℓ′ ×Qℓ′ C as
connected reductive subgroups of GLk,C. By Theorem 2.10, the chain
(5) TssC ⊂ TC ⊂ GLk,C
is isomorphic to the formal bi-characters of both Gℓ ×Qℓ C and Gℓ′ ×Qℓ′ C. Hence, up to
conjugation in GLk(C), we may assume TC is a common maximal torus of Gℓ ×Qℓ C and
Gℓ′ ×Qℓ′ C and T
ss
C is a common maximal torus of G
der
ℓ ×Qℓ C and G
der
ℓ′ ×Qℓ′ C (the derived
groups of Gℓ ×Qℓ C and Gℓ′ ×Qℓ′ C) .
Definition 3.5. Define the following notations.
(a) X: the character group of TC
(b) X∨: the cocharacter group of TC
(c) R: the roots of Gℓ ×Qℓ C with respect to TC
(d) R∨: the coroots of Gℓ ×Qℓ C with respect to TC
(e) R′: the roots of Gℓ′ ×Qℓ′ C with respect to TC
(f) (R′)∨: the coroots of Gℓ′ ×Qℓ′ C with respect to TC
(g) Xss: the character group of TssC
(h) (Xss)∨: the cocharacter group of TssC
(i) R|Tss
C
: the roots of Gderℓ ×Qℓ C with respect to T
ss
C
(j) R∨: the coroots of Gderℓ ×Qℓ C with respect to T
ss
C
(k) R′|Tss
C
: the roots of Gderℓ′ ×Qℓ′ C with respect to T
ss
C
(l) (R′)∨: the coroots of Gderℓ′ ×Qℓ′ C with respect to T
ss
C
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Remark 3.6. The definitions of (i),(j),(k),(l) make sense. Indeed, there are natural maps
X → Xss and (Xss)∨ ⊂ X∨ because TssC is a subtorus of TC. Notations (i) and (k) come
from the restriction of R to TssC . Notations (j) and (l) come from the fact that the coroots
of (Gℓ ×Qℓ C,TC) and (G
der
ℓ ×Qℓ C,T
ss
C) are identical.
Let gderℓ , g
der
ℓ′ , and t be the Lie algebras of G
der
ℓ ×Qℓ C, G
der
ℓ′ ×Qℓ′ C, and T
ss
C respectively.
Then t is a common Cartan subalgebra of gderℓ and g
der
ℓ′ .
Proposition 3.7. If R|Tss
C
= R′|Tss
C
, then R∨ = (R′)∨. Therefore, the root data (Xss, R|Tss
C
, (Xss)∨, R∨)
and (Xss, R′|Tss
C
, (Xss)∨, (R′)∨) of respectively (Gderℓ ×QℓC,T
ss
C) and (G
der
ℓ′ ×Qℓ′C,T
ss
C) are equal.
Proof. For any complex Lie group homomorphism φ, denote by dφ the differential of φ at
identity. Let α ∈ R|Tss
C
= R′|Tss
C
, α∨ ∈ R∨ and (α′)∨ ∈ (R′)∨ be the coroots corresponding to
α. Then
(dα : t→ C) ∈ t∗
is a root of gderℓ as well as a root of g
der
ℓ′ . If we identify
dα∨ : C→ t and d(α′)∨ : C→ t
as elements of t by the images of 1 ∈ C, then by construction they are distinguished elements
of t [9, §14.1] corresponding to the root dα of gderℓ and g
der
ℓ′ respectively. Let ( , ) and ( , )
′
on t∗ be the inner products induced by the Killing forms of gderℓ and g
der
ℓ′ respectively. For
β ∈ R|Tss
C
= R′|Tss
C
, we obtain by [9, Corollary 14.29] that
〈β, α∨〉 = dβ(dα∨) =
2(dβ, dα)
(dα, dα)
=
2||dβ|| cos θ
||dα||
,
〈β, (α′)∨〉 = dβ(d(α′)∨) =
2(dβ, dα)′
(dα, dα)′
=
2||dβ||′ cos θ′
||dα||′
,
(6)
where θ and || · || (resp. θ′ and || · ||′) denote the angle between dα and dβ and the length
under the inner product ( , ) (resp. the inner product ( , )′). Let VR be the R-span in t
∗ of
the common set of roots
{dβ : β ∈ R|Tss
C
= R′|Tss
C
}
of (gderℓ , t) and (g
der
ℓ′ , t). Then ( , ) and ( , )
′ are positive definite on VR and define two root
systems. In particular, the two Weyl group (of gderℓ and g
der
ℓ′ ) actions on VR are orthogonal
for both ( , ) and ( , )′. Thus, ( , )|VR determines ( , )
′|VR up to a positive scalar factor on
each irreducible root subsystem by Lemma 3.1(iii). Hence, θ = θ′ always holds and
||dβ||
||dα||
=
||dβ||′
||dα||′
if dα and dβ belong to the same irreducible subsystem. We conclude that 〈β, α∨〉 = 〈β, (α′)∨〉
by (6) for all β ∈ R|Tss
C
= R′|Tss
C
. Since R|Tss
C
= R′|Tss
C
spans Xss⊗Z R, we have α
∨ = (α′)∨ in
(Xss)∨. Hence, R∨ = (R′)∨. 
Theorem 3.8. If R|Tss
C
= R′|Tss
C
, then R = R′. Therefore, the root data Ψ = (X, R, (X)∨, R∨)
and Ψ′ = (X, R′, (X)∨, (R′)∨) of respectively (Gℓ ×Qℓ C,TC) and (Gℓ′ ×Qℓ′ C,TC) are equal.
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Proof. By Remark 3.6 and Proposition 3.7, the coroots of Ψ and Ψ′ are the same, i.e.,
R∨ = (R′)∨. It suffices to prove R = R′. Let XR = X ⊗Z R. The formal character
TC ⊂ GLk,C corresponds to a finite subset S of X which spans XR. The subgroup GS of
GL(XR) that preserves S is finite and contains the Weyl groupsW andW
′ of (Gℓ×QℓC,TC)
and (Gℓ′ ×Qℓ′ C,TC) respectively. By Weyl’s unitarian trick, there exists a positive definite
inner product ( , ) on XR such that GS is orthogonal. Denote by VR and V
′
R the R-spans of
R and R′ in XR. Denote by UR the R-span of the characters of X that annihilate T
ss
C . We
obtain
(7) VR ⊕ UR = XR = V
′
R ⊕ UR.
Let V ⊥R (resp. (V
′
R)
⊥) be the orthogonal complement of VR (resp. V
′
R) in XR. Since VR and
V ⊥R (resp. V
′
R and (V
′
R)
⊥) are both invariant under W (resp. W ′), the action of W (resp.
W ′) on VR (resp. V
′
R) does not contain any trivial subrepresentation, and W (resp. W
′) is
identity on UR, we obtain V
⊥
R = UR = (V
′
R)
⊥ by (7), and hence, the following
(8) VR = U
⊥
R = V
′
R.
For any γ ∈ R∨ = (R′)∨, let vγ be the unique element in XR such that
(α, vγ) = 〈α, γ〉
for all α ∈ X. Since the images of the coroots generate TssC , we obtain
(9) SpanR{vγ : γ ∈ R
∨ = (R′)∨} = U⊥R .
The natural map R→ R|Tss
C
(R′ → R′|Tss
C
) is a bijection and R|Tss
C
= R′|Tss
C
is the hypothesis.
Let α ∈ R and α′ ∈ R′ be two roots such that α|Tss
C
= α′|Tss
C
. Then
(α, vγ) = 〈α, γ〉 =
〈
α|Tss
C
, γ
〉
=
〈
α′|Tss
C
, γ
〉
= 〈α′, γ〉 = (α′, vγ)
for all γ ∈ R∨ = (R′)∨. Therefore, we obtain α = α′ by (8) and (9), which implies R = R′. 
Corollary 3.9. If R|Tss
C
= R′|Tss
C
, then the complex reductive subgroups Gℓ×QℓC and Gℓ′×Qℓ′
C of GLk,C are conjugate in GLk,C.
Proof. Since the root data Ψ and Ψ′ are equal, this defines an isomorphism f : Ψ′ → Ψ of root
data. By Theorem 3.3(ii), there exists an isomorphism φ : (Gℓ×QℓC,TC)→ (Gℓ′×Qℓ′ C,TC)
such that f(φ) = f . This implies the that standard representation Gℓ ×Qℓ C ⊂ GLk,C and
the representation Gℓ ×Qℓ C
φ
→ Gℓ′ ×Qℓ′ C ⊂ GLk,C of Gℓ ×Qℓ C have the same character.
Hence, the two representations are equivalent and the images are conjugate in GLk,C. 
Since Proposition 3.2(iv) implies R|Tss
C
= R′|Tss
C
, we obtain the following immediately by
Theorem 3.8 and Corollary 3.9.
Theorem 3.10. If Hypothesis A is satisfied, then the root datum of (Gℓ×Qℓ C,TC) and the
conjugacy class of Gℓ ×Qℓ C in GLk,C are independent of ℓ.
Remark 3.11. The formal bi-characters of G ⊂ GLk,C does not determine G even if it is
of type A: Let G = SL2,C (semisimple) and V the standard representation of G. Denote by
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SymiV the ith symmetric power of V (Sym0V denotes the trivial representation). LetG3m,C ⊂
GL3,C the diagonal subgroup and consider the following 3-dimensional representations of G:
ρ1 : = Sym
0(V )⊕ Sym1(V ).
ρ2 : = Sym
2(V ).
The images ρ1(G) ∼= SL2,C and ρ2(G) ∼= PSL2,C viewed as subgroups of GL3,C have the same
formal character (bi-character)
{(1, z, z−1) ∈ G3m,C ⊂ GL3,C : z ∈ C
∗}
but they are not similar in GL3,C (not even isomorphic).
4. Forms of reductive groups
Let Gsp be a connected split reductive group over the field F . Let Tsp be a maximal split
F -subtorus of Gsp, W the Weyl group with respect to Tsp, N the normalizer of Tsp in Gsp,
and B an F -Borel subgroup containing Tsp. Let C be the center of Gsp. The automorphism
group AutF¯ G
sp of Gsp ×F F¯ is acted on by GalF in the following way.
If α ∈ AutF¯ G
sp and σ ∈ GalF , then
σα ∈ AutF¯ G
sp so that
(10) σα(x) := σ(α(σ−1x)) ∀x ∈ Gsp(F¯ ).
The group AutF¯ G
sp admits a short exact sequence of GalF -groups [27, Corollary 2.14] (see
also [7, XXIV Theorem 1.3])
(11) 1→ InnF¯G
sp → AutF¯ G
sp → OutF¯G
sp → 1,
where InnF¯G
sp, the inner automorphism group is naturally isomorphic to the group of F¯ -
points of Gad := Gsp/C the adjoint quotient of Gsp and OutF¯G
sp, the outer automorphism
group is acted on trivially by GalF because G
sp is split.
Proposition 4.1. The group AutF¯ G
sp contains a GalF -invariant subgroup that preserves
Tsp and B and is mapped isomorphically onto OutF¯G
sp. Hence, (11) is a split short exact
sequence of GalF -groups.
Proof. Let ∆ be the set of simple roots with respect to (Tsp,B). Let Uα be the root
subgroup for α ∈ ∆ (the construction of Chevalley). It is isomorphic to the F -affine line.
Choose uα ∈ Uα(F )\{0} for all α ∈ ∆. Then the subgroup of AutF¯ G
sp that leave Tsp,
B, and {uα}α∈∆ invariant is mapped isomorphically onto OutF¯G
sp by [27, Proposition 2.13,
Corollary 2.14]. This subgroup is GalF -invariant since T
sp, B, and {uα}α∈∆ are GalF -
invariant. 
We then obtain a split short exact sequence of pointed sets by non-abelian cohomology
[25, §5]
(12) 1→ (H1(F, InnF¯G
sp), 0′)
i
→ (H1(F,AutF¯ G
sp), 0)
π
→ (H1(F,OutF¯G
sp), 0′′)→ 1,
where 0′, 0, 0′′ denote the neutral elements [25, §5.1]. This means that i(0′) = 0, π(0) = 0′′,
i is injective, π is surjective, π−1(0′′) = Im(i) [25, §5.4, 5.5], and there is a pointed map
j : (H1(F,OutF¯G
sp), 0′′)→ (H1(F,AutF¯ G
sp), 0) such that π ◦ j = Id.
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The elements of H1(F,AutF¯ G
sp) are in bijective correspondence with the F -forms of Gsp
[25, Chapter 3.1]. If G is an F -form of Gsp, then there exists an F¯ -isomorphism φ : Gsp ×F
F¯ → G ×F F¯ . The isomorphism class of G/F is represented by [cσ] ∈ H
1(F,AutF¯ G
sp),
where
(13) cσ(x) := φ
−1(σφ(σ−1(x))) ∀x ∈ Gsp(F¯ ).
Two forms G′ and G′′ that map to the same image in H1(F,OutF¯G
sp) are inner twists of
each other [25, Chapter I §5.5 Corollary 2], i.e., [G′′] ∈ H1(F, InnF¯G
′). The following result
is well-known (see for example [4, Chapter X §2], [7, XXIV Theorem 3.11]). We supply a
proof that we learnt from [10, Proposition 29.4].
Theorem 4.2. The set H1(F,OutF¯G
sp) in (12) is in one-to-one correspondence with the
set of quasi-split F -forms of Gsp.
Proof. Let [cσ] be an element of H
1(F,OutF¯G
sp). Then we obtain by Proposition 4.1 an
element [c′σ := j(cσ)] ∈ π
−1([cσ]) such that c
′
σ ∈ AutF¯ G
sp preserves Tsp and B and is
invariant under GalF for all σ ∈ GalF . The F -form G
′ corresponding to [c′σ] is obtained by
defining an F -structure on Gsp(F¯ ) by the twisted Galois action:
σ · x := c′σ(σx) ∀σ ∈ GalF , x ∈ G
sp(F¯ ).
Since B(F¯ ) is invariant under σ and c′σ for all σ ∈ GalF , G
′ has a Borel subgroup defined
over F . Hence, the quasi-split F -forms of Gsp surject onto H1(F,OutF¯G
sp).
Let G′ and G′′ be two quasi-split F -forms of Gsp that map to the same image via π.
They differ by an inner twist [cσ] ∈ H
1(F, InnF¯G
′). Let T′ ⊂ B′ (resp. T′′ ⊂ B′′) be an
embedding of an F -maximal torus of G′ (resp. G′′) in an F -Borel subgroup of G′ (resp.
G′′). Let C′ be the center of G′ and ∆′ the simple roots of G′ with respect to (T′,B′). We
may assume cσ ∈ T
′/C′ for all σ ∈ GalF [27, Proposition 2.5(ii)]. Since GalF permutes ∆
′
which is a basis of characters of T′/C′, torus T′/C′ is a direct sum of induced tori, i.e., there
exist finite separable extensions F1, ..., Fk of F such that
T′/C′ =
k⊕
i=1
IndFFiGm,Fi.
By Shapiro’s lemma and Hilbert’s Theorem 90, we obtain H1(F,T′/C′) = 0. Therefore, G′
andG′′ are F -isomorphic and we conclude that the quasi-split F -forms ofGsp map bijectively
onto H1(F,OutF¯G
sp). 
Let AutF¯ ,Tsp G
sp be the subgroup of AutF¯ G
sp that preserves Tsp. Denote by AutF¯ T
sp
the automorphism group of Tsp×F F¯ . Although the following proposition is contained in [7,
XXIV Proposition 2.6], we still provide a proof.
Proposition 4.3. With the notations introduced above, the following commutative diagram
of GalF -groups has exact rows and columns. The maps from the top row to the middle row are
given by inner automorphisms by elements of Tsp(F¯ ) and the first two maps from the middle
row to the bottom row are given by the restriction to Tsp, i.e., ΩF¯ := AutF¯ ,Tsp G
sp/Tsp(F¯ )
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can be identified as a subgroup of AutF¯ T
sp.
(14)
1 // Tsp(F¯ )

// Tsp(F¯ )

// 1

// 1
1 // N/C(F¯ )

// AutF¯ ,Tsp G
sp
Res

// OutF¯G
sp
Id

// 1
1 // W // ΩF¯ := AutF¯ ,Tsp G
sp/Tsp(F¯ ) // OutF¯G
sp // 1
Proof. It is clear that the diagram is commutative and the rows and columns are exact. The
only thing one needs to show is that AutF¯ ,Tsp G
sp/Tsp(F¯ ) embeds into AutF¯ T
sp by restricting
automorphisms in AutF¯ ,Tsp G
sp to the maximal torus Tsp. For any α ∈ AutF¯ ,Tsp G
sp, write
α = βγ where β ∈ N/C(F¯ ) and γ fixes Tsp and B by the splitting of Proposition 4.1. If α
is trivial in AutF¯ T
sp, then β = γ−1 on Tsp. Since W acts simply transitively on the Weyl
chambers and γ fixes the chamber corresponding to B, β belongs to the image of Tsp(F¯ ).
This implies γ is trivial on Tsp and thus α = β. 
Remark 4.4. The elements of H1(F,AutF¯ ,Tsp G
sp) are in bijective correspondence with the
F -forms of (Gsp,Tsp), i.e., the F -reductive groups G together with an F -maximal torus T
such that after extending scalars to F¯ , there exists an F¯ -isomorphism
φ : Gsp ×F F¯ → G×F F¯
taking Tsp ×F F¯ onto T ×F F¯ . The isomorphism class of (G,T) is then represented by
[cσ] ∈ H
1(F,AutF¯ ,Tsp G
sp), where
cσ(x) := φ
−1(σφ(σ−1(x))) ∀x ∈ Gsp(F¯ ).
5. Proofs of the main results
5.1. Proof of Theorem 1.2. We obtain Theorem 1.2(i) by Theorem 3.10. The proof of
Theorem 1.2(ii) consists of several ingredients which will be established separately. Lemmas
5.1 and 5.2 below are special cases of [32, Proposition 10] and [19, Theorem 1.1].
Lemma 5.1. Let G be a connected reductive group over Q¯. Then there is a bijective corre-
spondence from the equivalence classes of finite dimensional Q¯-representations of G to the
equivalence classes of finite dimensional C-representations of G×Q¯ C given by base change
i : Q¯→ C.
Lemma 5.2. Let F ⊂ C be two algebraically closed fields and G,G′ ⊂ GLk,F two connected
reductive subgroups over F . If G×F C and G
′×F C are conjugate in GLk,C, then G and G
′
are conjugate in GLk,F .
Let TssQ ⊂ TQ ⊂ GLk,Q be the subtori in Theorem 2.11. Then up to conjugation we may
assume
(15) TssQ ×Q Qℓ ⊂ TQ ×Q Qℓ ⊂ GLk,Qℓ
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is a formal bi-character of the algebraic monodromy group Gℓ for all sufficiently large ℓ. Let
M ∈ GLk(Q¯) be an invertible matrix such that φM(TQ×QQ¯) :=M(TQ×QQ¯)M
−1 is diagonal
in GLk,Q¯. This matrix is chosen once and for all. Then φM(T
ss
Q ×Q Q¯) ⊂ φM(TQ ×Q Q¯) is
defined over Q because they are split subtori of the diagonal. We obtain a chain of algebraic
groups
(16) φM(T
ss
Q) := φM(T
ss
Q ×Q Q¯) ⊂ φM(TQ) := φM(TQ ×Q Q¯) ⊂ GLk,Q.
Proposition 5.3. There exists a connected split reductive subgroup GspQ of GLk,Q admitting
(16) as a formal bi-character such that GspQ ×Q Q¯ℓ and Gℓ ×Qℓ Q¯ℓ are conjugate in GLk,Q¯ℓ
for all sufficiently large ℓ.
Proof. Embed Q¯ ⊂ Q¯ℓ ⊂ C for ℓ ≫ 0. Then M ∈ GLk(Q¯) ⊂ GLk(Q¯ℓ) ⊂ GLk(C) and the
base change of (16) to C
(17) φM(T
ss
Q)×Q C ⊂ φM(TQ)×Q C ⊂ GLk,C
is a formal bi-character of φM(Gℓ ×Qℓ C). Let G
sp
Q be the connected split reductive group
over Q such that GspQ ×QC and Gℓ×Qℓ C are isomorphic (Theorem 3.3(i)). Then G
sp
Q can be
embedded into GLk,Q such thatG
sp
Q ×QC and Gℓ×QℓC are conjugate in GLk,C by Lemma 5.1
and the fact that any Q¯-representation of GspQ ×Q Q¯ can be descended to a Q-representation
of GspQ [30, Theorem 2.5]. Hence, G
sp
Q ×Q C and Gℓ ×Qℓ C are also conjugate in GLk,C for
all sufficiently large ℓ and any embedding Q¯ℓ ⊂ C by Theorem 3.10. This implies G
sp
Q ×Q Q¯ℓ
and Gℓ ×Qℓ Q¯ℓ are conjugate in GLk,Q¯ℓ by Q¯ℓ ⊂ C and Lemma 5.2. Since G
sp
Q is split and
(17) is a formal bi-character of φM(Gℓ ×Qℓ C), we may assume (16) is a formal bi-character
of GspQ . 
Definition 5.4. For all sufficiently large ℓ, define the following notations.
(i) TspQ := φM(TQ)
(ii) TsspQ := φM(T
ss
Q)
(iii) GspQℓ := G
sp
Q ×Q Qℓ
(iv) TspQℓ := T
sp
Q ×Q Qℓ
(v) TsspQℓ := T
ssp
Q ×Q Qℓ
For any non-Archimedean valuation v¯ on Q¯ extending the ℓ-adic valuation on Q, there
exists an embedding iv¯ : Q¯ →֒ Q¯ℓ such that the restriction of the natural non-Archimedean
valuation of Q¯ℓ to Q¯ is v¯. Then we obtain a monomorphism fv¯ : GalQℓ →֒ GalQ such that
the image of fv¯ is the decomposition subgroup of GalQ at v¯.
Lemma 5.5. For any non-Archimedean valuation v¯ on Q¯ extending the ℓ-adic valuation on
Q, there is a natural morphism hv¯ of the diagram (14) for (G
sp
Q ,T
sp
Q ) to the diagram (14)
for (GspQℓ,T
sp
Qℓ
) satisfying the following.
(i) The morphism hv¯ is compatible with fv¯ : GalQℓ → GalQ in the sense of [25, Chapter 1
§2.4], i.e., when we view the diagram (14) for Q as a GalQℓ-diagram via fv¯, then hv¯ is
a GalQℓ-morphism of GalQℓ-diagrams.
(ii) The maps hv¯ : OutQ¯G
sp
Q → OutQ¯ℓG
sp
Qℓ
and hv¯ : ΩQ¯ → ΩQ¯ℓ are isomorphisms.
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Proof. The embedding iv¯ : Q¯ →֒ Q¯ℓ identifies the following natural inclusions and canonical
isomorphisms:
(18)
TspQ (Q¯) ⊂ T
sp
Qℓ
(Q¯ℓ);
NQ/CQ(Q¯) ⊂ NQℓ/CQℓ(Q¯ℓ);
AutQ¯,Tsp
Q
GspQ ⊂ AutQ¯ℓ,TspQℓ
GspQℓ ;
AutQ¯T
sp
Q
∼= AutQ¯ℓ T
sp
Qℓ
;
Weyl group for GspQ ×Q Q¯
∼= Weyl group for G
sp
Qℓ
×Qℓ Q¯ℓ,
which induce two inclusions:
OutQ¯G
sp
Q ⊂ OutQ¯ℓG
sp
Qℓ
;
ΩQ¯ ⊂ ΩQ¯ℓ ,
where the first one is an isomorphism by Theorem 3.3(ii). Hence, the second one is also an
isomorphism by the isomorphism of the outer automorphism groups, the isomorphism of the
Weyl groups, and the exactness of the bottom row of the diagram (14). These inclusions
and isomorphisms comprise hv¯, which is compatible with fv¯ because (18) is compatible with
fv¯. 
We have the Q¯-isomorphism φM : TQ×Q Q¯→ T
sp
Q ×QQ¯. For all sufficiently large ℓ and v¯ as
above, Mv¯ := iv¯(M) belongs to GLk(Q¯ℓ) and we obtain a Q¯ℓ-isomorphism φMv¯ : TQ×Q Q¯ℓ →
TspQℓ ×Qℓ Q¯ℓ. The corollary below follows directly from (13) and Lemma 5.5.
Corollary 5.6. Let
(19)
(cσ) := (cσ = φM(φ
−1
σM) : σ ∈ GalQ) ∈ Z
1(Q,AutQ¯T
sp
Q )
(cv¯,σ) := (cv¯,σ = φMv¯(φ
−1
σMv¯
) : σ ∈ GalQℓ) ∈ Z
1(Qℓ,AutQ¯ℓ T
sp
Qℓ
)
be the cocycles whose cohomology classes represent TQ and TQ ×Q Qℓ respectively. Then
cv¯,σ = hv¯ ◦ cσ ◦ fv¯ for all σ ∈ GalQℓ.
Proposition 5.7. For all sufficiently large ℓ and v¯ as above, there exists an isomorphism
φv¯ : (Gℓ ×Qℓ Q¯ℓ,TQ ×Q Q¯ℓ)→ (G
sp
Qℓ
×Qℓ Q¯ℓ,T
sp
Qℓ
×Qℓ Q¯ℓ)
such that the cocycle
(c′v¯,σ) := (c
′
v¯,σ = φv¯σφ
−1
v¯ σ
−1 : σ ∈ GalQℓ) ∈ Z
1(Qℓ,AutQ¯ℓ,TspQℓ
GspQℓ)
representing (Gℓ,TQ ×Q Qℓ) (Remark 4.4) satisfies the equation in Z
1(Qℓ,AutQ¯ℓ T
sp
Qℓ
):
Res(c′v¯,σ) = (cv¯,σ),
where Res is the map in the diagram (14), ΩQ¯ℓ ⊂ AutQ¯ℓ T
sp
Qℓ
in Proposition 4.3, and (cv¯,σ)
in (19).
Proof. It suffices to find an isomorphism φv¯ such that the restriction of φv¯ to TQ ×Q Q¯ℓ is
φMv¯ . By Proposition 5.3, there exists Pv¯ ∈ GLk(Q¯ℓ) such that
φPv¯(Gℓ×QℓQ¯ℓ,TQ×QQ¯ℓ) := (Pv¯(Gℓ×QℓQ¯ℓ)P
−1
v¯ , Pv¯(TQ×QQ¯ℓ)P
−1
v¯ ) = (G
sp
Qℓ
×QℓQ¯ℓ,T
sp
Qℓ
×QℓQ¯ℓ).
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Write Pv¯ = Nv¯Mv¯ in GLk(Q¯ℓ). Then by Proposition 5.3 again, φMv¯(Gℓ×QℓQ¯ℓ) andG
sp
Qℓ
×QℓQ¯ℓ
have the same formal bi-character
TsspQℓ ×Qℓ Q¯ℓ ⊂ T
sp
Qℓ
×Qℓ Q¯ℓ ⊂ GLk,Q¯ℓ.
Since the algebraic monodromy groups satisfy Hypothesis A, the root data of (φMv¯(Gℓ ×Qℓ
Q¯ℓ), φMv¯(TQ ×Q Q¯ℓ)) and (G
sp
Qℓ
×Qℓ Q¯ℓ,T
sp
Qℓ
×Qℓ Q¯ℓ) are identical by embedding Q¯ℓ into
C and applying Theorem 3.10. Let this root datum be Ψv¯. Then the isomorphism φNv¯
between the two pairs (φMv¯(Gℓ ×Qℓ Q¯ℓ), φMv¯(TQ ×Q Q¯ℓ)) and (G
sp
Qℓ
×Qℓ Q¯ℓ,T
sp
Qℓ
×Qℓ Q¯ℓ)
induces an automorphism f(φNv¯) of Ψv¯. By Theorem 3.3(ii), there exists an automorphism
Λv¯ of (G
sp
Qℓ
×Qℓ Q¯ℓ,T
sp
Qℓ
×Qℓ Q¯ℓ) such that the induced map f(Λv¯) on Ψv¯ is equal to f(φNv¯)
−1.
Therefore, φv¯ := Λv¯ ◦ φPv¯ is the desired isomorphism. 
Theorem 1.2(ii). Let {Φℓ}ℓ be the system (1) and Gℓ the connected algebraic monodromy
group of Φssℓ for all ℓ. Suppose Hypothesis A is satisfied. Then there exists a connected
quasi-split reductive group GQ defined over Q such that for all sufficiently large ℓ,
Gℓ ∼= GQ ×Q Qℓ.
Proof. Let ΩQ¯ (resp. ΩQ¯ℓ) be the group defined in Proposition 4.3 for (G
sp
Q ,T
sp
Q ) (resp.
(GspQℓ ,T
sp
Qℓ
)). From now on we assume ℓ is sufficiently large and v¯ is a valuation of Q¯ ex-
tending the ℓ-adic valuation of Q. Then the cocycle (cv¯,σ) in (19) belongs to Z
1(Qℓ,ΩQ¯ℓ) by
Proposition 5.7. We view (cσ) (resp. (cv¯,σ)) as a homomorphism from GalQ to AutQ¯ℓ T
sp
Qℓ
(resp. GalQℓ to ΩQ¯ℓ) since the Galois action on the target group is trivial. Since the image of
(cσ) is finite, it is unramified except at finitely many primes. Hence, its image is determined
by the image of the Frobenius elements (i.e., the image of cσ ◦ fv¯) by the Chebotarev density
theorem. Since cv¯,σ = hv¯ ◦ cσ ◦ fv¯ (Corollary 5.6), Im(cv¯,σ) ⊂ ΩQ¯ℓ , and hv¯ : ΩQ¯ → ΩQ¯ℓ is
an isomorphism (Lemma 5.5) for all v¯|ℓ and sufficiently large ℓ, the image of cocycle (cσ) is
contained in ΩQ¯, i.e., (cσ) ∈ Z
1(Q,ΩQ¯). Hence by the diagram (14), the cocycle (cσ) maps
to the cohomology class [c¯σ] ∈ H
1(Q,OutQ¯G
sp
Q ) and corresponds to a unique connected re-
ductive quasi-split group GQ over Q by Proposition 4.1 and Theorem 4.2. Let [c¯v¯,σ]
4 be the
cohomology class of the cocycle (c¯v¯,σ) ∈ Z
1(Qℓ,OutQ¯ℓG
sp
Qℓ
). Since Gℓ is quasi-split (Corol-
lary 2.16), [c¯v¯,σ] corresponds to Gℓ by construction (Proposition 5.7), Proposition 4.1, and
Theorem 4.2. Since hv¯ ◦ c¯σ ◦ fv¯ = c¯v¯,σ (in OutQ¯ℓG
sp
Qℓ
) by Corollary 5.6 and both GQ and Gℓ
are quasi-split, we obtain Gℓ ∼= GQ ×Q Qℓ by Theorem 4.2. 
Remark 5.8. (i) Suppose TQ is the projection of the Frobenius torus T
′
Q = T
′
v¯,ℓ′ for some
prime ℓ′ and some v¯ ∈ ΣK¯ (see the proofs of Corollary 2.9 and Theorem 2.11). Then
Gℓ contains a conjugation of TQ×Q Qℓ as a maximal torus and is an inner twist of the
quasi-split group GQ ×Q Qℓ for all prime ℓ not divisible by v¯.
(ii) Assume for simplicity that Gℓ is of type An and is an inner twist of GQ×QQℓ for all ℓ.
Constructing a common Q-form of Gℓ for all ℓ amounts to solve for a Q-central simple
algebra A with prescribed local invariants τℓ ∈ Q/Z corresponding to the inner twists
4For ℓ≫ 0, this class is just the image of the class [(Gℓ,TQ ×Q Qℓ)] ∈ H1(Qℓ,ΩQ¯ℓ) which is independent
of v¯.
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for all primes ℓ. By the fundamental exact sequence of Brauer groups for Q
1→ Br(Q)→
⊕
v
Br(Qv)→ Q/Z → 1,
finding such an algebra A is equivalent to showing that the sum of these local invariants
at the finite places belongs to Z/2Z. Since the only thing we know is τℓ = 0 for all
sufficiently large ℓ (Theorem 2.16), finding a Q-form for all ℓ needs extra information.
(iii) It is reasonable to ask if the data TQ ⊂ GLk,Q (a Q-form of formal character of Gℓ ⊂
GLk,Qℓ), the ℓ-independence of absolute root datum (Theorem 3.10), and Tits’s theory
of descending representations [30] are enough to construct for all sufficiently large ℓ a
common Q-form of the embeddings Gℓ ⊂ GLk,Qℓ. We tried but did not succeed.
5.2. Proofs of Corollary 1.3 and 1.5. Apply the constructions in Definition 1.1 to Γℓ ⊂
Gℓ(Qℓ), we obtain the morphisms π
sc
ℓ : G
sc
ℓ (Qℓ) → G
der
ℓ (Qℓ) and π
ss
ℓ : Gℓ(Qℓ) → G
ss
ℓ (Qℓ)
and the groups Γscℓ and Γ
ss
ℓ for all ℓ.
Corollary 1.3. Let Gsc be a semisimple group scheme over Z[ 1
N
] for some N whose generic
fiber is GscQ , where GQ us in Theorem 1.2. For all sufficiently large ℓ, we have
Γscℓ
∼= Gsc(Zℓ).
Proof. Let GscQ be the universal covering group of G
der
Q . By Theorem 1.2(ii), we have G
sc
ℓ
∼=
GscQ ×Q Qℓ for ℓ ≫ 0. Let G
sc and Gder be semisimple group schemes over Z[ 1
N
] for some N
whose generic fibers are GscQ and G
der
Q respectively. The central isogeny
πscQ : G
sc
Q → G
der
Q
can be extended to a morphism of smooth affine group schemes over Z[ 1
N ′
] (N ′ is some
multiple of N)
(20) πsc
Z[ 1
N′
]
: Gsc ×Z[ 1
N
] Z[
1
N ′
]→ Gder ×Z[ 1
N
] Z[
1
N ′
].
Since all hyperspecial subgroups of GscQ (Qℓ)
∼= Gsc(Qℓ) are isomorphic [31, §2.5] and
Γscℓ ⊂ G
sc
Q (Qℓ)
∼= Gsc(Qℓ)
for sufficiently large ℓ is hyperspecial by Theorem 2.15, we obtain Γscℓ
∼= Gsc(Zℓ) for ℓ ≫ 0
by [31, §3.9.1]. 
Let ℓ ≥ 5 be prime, Hℓ a connected algebraic group defined over Qℓ, and ∆ℓ a compact
subgroup of Hℓ(Qℓ). Then by embedding Hℓ into some GLn,Qℓ and finding some Zℓ-lattice
of Qnℓ invariant under ∆ℓ, one obtains a finite subgroup ∆¯ℓ of GLn(Fℓ) by taking mod ℓ
reduction. Then Lieℓ∆¯ℓ (Definition 1.4) is independent of the embedding Hℓ ⊂ GLn,Qℓ and
the mod ℓ reduction because the kernel of ∆ℓ ։ ∆¯ℓ is pro-solvable. This allows us to make
the following definition.
Definition 5.9. For any prime ℓ ≥ 5 and compact subgroup ∆ℓ of Hℓ(Qℓ), the composition
factors of Lie type in characteristic ℓ of ∆ℓ, denoted by Lieℓ∆ℓ, is defined to be the multiset
Lieℓ∆¯ℓ (Definition 1.4), where the finite group ∆¯ℓ is constructed above.
Lemma 5.10. Suppose ℓ ≥ 5. Then LieℓΓℓ = LieℓΓ
sc
ℓ .
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Proof. Since the kernel of
πssℓ : Γℓ ։ Γ
ss
ℓ
is pro-solvable, we obtain LieℓΓℓ = LieℓΓ
ss
ℓ . Since the kernel and cokernel of
πssℓ ◦ π
sc
ℓ : Γ
sc
ℓ → Γ
ss
ℓ
are abelian, we obtain LieℓΓ
ss
ℓ = LieℓΓ
sc
ℓ . We are done. 
Corollary 1.5. Let Gder be a semisimple group scheme over Z[ 1
N
] for some N whose generic
fiber is GderQ , where GQ is in Theorem 1.2. For all sufficiently large ℓ, we have
LieℓΓ¯ℓ = LieℓG
der(Fℓ).
Proof. Since the mod ℓ representation φℓ (§2.5) is the semisimplification of a mod ℓ reduction
of Φℓ and LieℓΓ¯ = ∅ for any finite solvable group Γ¯, we obtain
(21) LieℓΓ¯ℓ = LieℓΓℓ = LieℓΓ
sc
ℓ
for all ℓ by Definition 5.9 and Lemma 5.10. Since Γscℓ
∼= Gsc(Zℓ) for ℓ≫ 0 by Corollary 1.3,
the kernel of reduction map Gsc(Zℓ) ։ G
sc(Fℓ) is pro-solvable, and the kernel and cokernel
of πsc
Z[ 1
N′
]
: Gsc(Fℓ)→ G
der(Fℓ) (20) are abelian for ℓ≫ 0, we obtain
(22) LieℓΓ
sc
ℓ = LieℓG
sc(Zℓ) = LieℓG
sc(Fℓ) = LieℓG
der(Fℓ).
We are done by (21) and (22). 
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